In the framework of the color-magnetic interaction model, we have systematically calculated the mass splittings for the S-wave triply heavy pentaquark states with the configuration qqQQQ (Q = c, b; q = u, d, s). Their masses are estimated and their stabilities are discussed according to possible rearrangement decay patterns. Our results indicate that there may exist several stable or narrow such states. We hope the present study can help experimentalists to search for exotic pentaquarks.
I. INTRODUCTION
The possible existence of mutiquark states beyond the ordinary hadrons were first proposed by M. Gell-Mann and G. Zweig [1, 2] . Nowadays, it is still an important and interesting topic to look for such states [3] . With the experimental progress in recent decades, we are able to find heavy quark multiquark candidates in various processes. In fact, experimentalists announced more exotic states in past years since the Belle Collaboration reported the observation of X(3872) in 2003 [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , which provides good opportunities to study the nonperturbative color interactions. Some of the states have been considered as good tetraquark candidates [18] [19] [20] [21] [22] [23] [24] [25] [26] .
Recently, the LHCb Collaboration reported the observation of new pentaquark states at the Rencontres de Moriond QCD conference [27, 28] . By analyzing the J/ψp invariant mass spectrum in the Λ 0 b decay with updated data, a new pentaquark P c (4312) was discovered with 7.3σ significance. Meanwhile, the analysis shows two narrow subpeaks with 5.4 significance, P c (4440) and P c (4457), for the previously reported P c (4450) [29, 30] . It is generally recognized that these three new states can be identified clearly as loosely bound Σ cD molecule with I(J P ) = 1/2(1/2 − ), Σ cD * with I(J P ) = 1/2(1/2 − ), and Σ cD * with I(J P ) = 1/2(3/2 − ), respectively, within the framework of one-boson-exchange (OBE) model [31] [32] [33] [34] [35] [36] [37] [38] .
Because of complicated interactions between the internal quarks, generally, it is hard to distinguish whether a hadron is a tightly bound tetraquark (pentaquark) state, a conventional meson (baryon), a molecular state, or a structure in others pictures. In understanding the internal structures of P c (4380) and P c (4450), many interpretations were proposed, such as the Σ cD * , Σ * cD , and Σ color ⊗ spin wave functions for the qqQQQ pentaquark states. In Sec. III, we calculate the relevant Hamiltonian elements and present the corresponding results. In Sec. IV, we give numerical results for the masses of the pentaquark states, illustrate their possible rearrangement decay channels, and discuss the stability of the states. Finally, we present a summary in Sec. V and an appendix in Sec. VII.
II. THE COLOR-MAGNETIC INTERACTION AND THE WAVE FUNCTIONS
The Hamiltonian of the CMI model has a simple form
Here, M i represents the effective quark mass for the ith quark or antiquark and it takes account of effects from kinetic energy, color confinement, and other terms in realistic potential models. The effective constant C ij ∼ δ 3 ( r ij ) /(m i m j ) reflects the coupling strength between the i-th quark and the j-th quark, which depends on the quark masses and the spatial wave functions of the ground states [88] . The Pauli matrix σ i and Gell-Mann matrix λ i (−λ * i ) act on the spin and color wave functions of the i-th quark (antiquark), respectively.
To calculate the required matrix elements, we construct the wave functions of the ground qqQQQ pentaquark states. They are the direct products of SU(3) f flavor wave function, SU(3) c color wave function, and SU(2) s spin wave function. Here, we treat the heavy quark/antiquark as a flavor singlet state instead of constructing the wave function with flavor SU(4) f symmetry [92] . It is convenient to adopt the diquark-diquarkantiquark base in organizing the wave functions. The notion "diquark" only means two quarks and the meaning is different from that in the diquark model in Ref. [93] where the diquark is a strongly correlated quark-quark substructure with color=3 c and spin=0. The constructed wave functions may also be used to study properties of the qqQQQ states in dynamical quark models.
In the SU(3) f flavor space, the qqQQQ states belong to the flavor symmetric 6 f and antisymmetric3 f representations ( Fig. 1) , which is similar to the situation for part of the QQstates [88] . For the nnQQQ (n = u, d) case, the isovector states (I = 1) and the isoscalar states (I = 0) do not mix since we do not consider isospin breaking effects. For the nsQQQ case, the fact m n = m s leads to SU(3) f breaking and thus the state mixing between 6 f and3 f . As a result, we need to consider four cases of states: nnQQQ (I = 1), nnQQQ (I = 0), nsQQQ (I = 1/2), and ssQQQ (I = 0). Note that the isovector and isoscalar nnQQQ states are not degenerate since the Pauli principle has impacts. In the color space, the wave functions can be analyzed with the SU(3) c group theory. The Young diagrams tell us that there are three color-singlet wave functions for the qqQQQ states. With the diquark-diquark-antiquark base, they are
In the notation [(q 1 q 2 ) color1 (Q 3 Q 4 ) color2Q ], the color1 and color2 stand for the color representations of the light diquark and heavy diquark, respectively. The S (A) means "symmetric" ("antisymmetric") with quark exchanges. The explicit wave functions are the same as those for the QQstates studied in Ref. [88] .
One can also use the baryon-meson base (qqQ-QQ or qQQ-qQ) to construct the wave functions. The relevant decomposition is (1)
Ref. [86] adopted this base in studying the hidden-charm pentaquark states. Although the final Hamiltonians are different for these two bases, the eigenvalues and mass spectrum would be identical after diagonalization. However, the baryon-meson base is not suitable to the present systems since two pairs of identical quarks may exist in a state like nnccQ.
In the spin space, the possible wave functions for the considered states in the diquark-diquark-antiquark base are
2 , 1 ,
, spin 1 and spin 2 represent the spins of the light and heavy diquarks, respectively, spin 3 represents the total spin of the four quarks, and spin 4 represents the total spin of the pentaquark. The diquark is symmetric (antisymmetric) when spin 1,2 is 1 (0).
Combining the spin and color wave functions together, we obtain thirty possible bases which are shown in Table I with the 
spin3 . Not all of them are allowed for a given set of quantum numbers. To reflect the constraint from the Pauli principle, we have inserted three symbols δ (1) nnccQ (I = 1), nnbbQ (I = 1), ssccQ, ssbbQ; (2) nnccQ (I = 0), nnbbQ (I = 0); (3) nncbQ (I = 1), sscbQ; (4) nncbQ (I = 0); (5) nsccQ, nsbbQ; (6) nscbQ. Each class has similar structures and the same CMI Hamiltonian expressions.
III. THE CMI HAMILTONIAN EXPRESSIONS
With the constructed wave functions, we can calculate CMI Hamiltonian matrix elements. To simplify the expressions, we define the combinations of the effective couplings shown in Table II. For the pentqaurk states without constraints from the Pauli principle, e.g. nscbQ, all the color-spin wave function bases in Table I are involved. In the Appendix, we show the obtained CMI matrices for the cases J P = 5/2 − , 3/2 − , and 1/2 − in Tables XII, XIII , and XIV, respectively. For the pentaquark states having constraints from the Pauli Principle, relevant matrices can be extracted from these tables. Here, we take the nnccQ case as an example. When one considers the I(J P ) = 1(5/2 − ) state, one has δ 
Hamiltonian from Table XII ,
Similarly, when one considers the I(J P ) = 0(5/2 − ) state, only the wave function base φ 3 χ 1 is allowed because δ [96] . The adopted masses of the not-yet-observed doubly heavy baryons are taken from Ref. [100] . The values in parentheses are obtained with the parameters in Ref. [89] . Using the mass formula M = i M i + H CMI and the obtained parameters, one sees that the estimated masses of conventional hadrons are in general higher than the measured values, which is illustrated in Table V . The reason is that the adopted model and parameters could not account for the necessary attractions for all the hadrons. Overestimated masses with this approach were also obtained in various tetraquark and pentaquark states [83] [84] [85] [86] [87] [88] [89] [90] C bs C bs = 1.2 ment. Then
Mesons
In the present study for pentaquark states, we choose the baryon-meson thresholds as the mass scales, where the reference baryon-meson system should have the same constituent quarks with a considered system. The attraction not incorporated in the original approach is somehow phenomenologically compensated in this procedure [88] . Before the detailed discussions about the qqQQQ pentaquark states, we emphasize that our results are only rough estimations. They should be updated once a qqQQQ pentaquark state is observed in future experiments and its mass can be chosen as a reference scale. Although the pentaquark masses may be changed largely, the mass splittings should not be affected significantly.
In the following parts, we only present the numerical values obtained with Eq. (4). Here, the involved masses of reference baryons and mesons have been given in Table  III . To understand the decay properties in the following discussions, we also show some masses of the not-yetobserved doubly heavy baryons in the table, which were obtained from several theoretical calculations. Since the spin of the Ξ cc observed by LHCb may be 1/2 or 3/2, we show results in both cases in Table III. B. The nnccQ, ssccQ, nnbbQ, and ssbbQ pentaquark states
Substituting the parameters into the CMI matrices and diagonalizing them, the pentaquark masses are obtained. Here, we present the masses with corresponding reference systems for the nnccQ, ssccQ, nnbbQ, and ssbbQ states in Table VI . In these systems, a state is explicitly exotic if the flavor of Q is different from the heavy quarks.
For the nnccc states, there are two types of reference systems we can adopt, (cc)(cnn) and (cn)(ccn). The mass M Ξcc = 3621.4 MeV measured by the LHCb Collaboration is used in the latter case. We assume that the spin of Ξ cc is 1/2 although it has not been determined yet. If the spin is 3/2, the pentaquark masses estimated with the threshold relating to M Ξcc would be shifted downward by 64 MeV according to Ref. [89] , but the gaps are the same. As for the nnbbQ, ssccQ, and ssbbQ systems, we can similarly adopt two types of refer- Table V . At present, it is not clear which type threshold gives more reasonable masses. For a pentaquark, the effective attraction is probably not strong and maybe a higher mass would be more reasonable [88] . However, the choice of reference scale does not affect the mass splittings.
In showing the spectra in the figure form, we use the higher pentaquark masses although relevant estimations rely on the masses of the not-yet-observed QQq states. For the nnccc system, the I = 0 states have generally lower masses than the I = 1 states. The quantum numbers for both the lowest and the highest states are J P = 1/2 − . From the diagrams (b), (c), and (d) of Fig.  2 , one sees similar features for the nnbbb, nnbbc, and nnccb systems.
As for the stability of the pentaquark states, their dominant decay modes should be related with the rearrangement mechanism. Now we move on to such decays. One has to consider the constraints from the angular momentum conservation, isospin conservation, parity conservation, and so on when discussing allowed decay channels. For convenience, we have marked the spin and isospin of the baryon-meson channels in the superscripts and subscripts of their symbols in Fig. 2 , respectively. For the ssccQ and ssbbQ states, only one isospin is possible and no label is given explicitly. Of course, whether the decay can happen or not is also kinematically constrained by the pentaquark mass which depends on models. In the following discussions, we assume that the obtained masses shown in the figures are all reasonable.
For the nnccc states, they look like excited nnc baryons. Because only orbital or radial excitation energy cannot explain their high masses, the states once observed are good candidates of compact nnccc pentaquark states or hadronic molecules. To distinguish these two configurations, decay properties would be helpful. We here just discuss relevant rearrangement decay patterns. In the case of I(J P ) = 1(5/2 − ), the possible S-wave decay channels are Σ * c J/ψ and Ξ * ccD * . In the case of I(J P ) = 0(5/2 − ), the possible S-wave decay channel is only Ξ * ccD * . The I(J P ) = 0(5/2 − ) isoscalar pentaquark is a candidate of stable state. We mark it in Fig. 2(a) with a dagger. In the case of I(J P ) = 1(3/2 − ), the possible S-wave channels are Ξ * ccD * , Ξ ccD * , Σ * c J/ψ, Ξ * ccD , Σ c J/ψ, and Σ * c η c . In the case of I(J P ) = 0(3/2 − ), the possible S-wave channels are Ξ * ccD * , Ξ ccD * and Λ c J/ψ. In the case of I(J P ) = 1(1/2 − ), the possible S-wave channels are Ξ * ccD * , Ξ ccD * , Σ * c J/ψ, Σ c J/ψ, Ξ ccD , and Σ c η c . In the case of I(J P ) = 0(1/2 − ), the possible S-wave channels are Ξ * ccD * , Ξ ccD * , Ξ ccD , Ξ * ccD , Λ c J/ψ, and Λ c η c . The observation of any one of the mentioned decay patterns could provide hints for the existence of a nnccc pentaquark state. Because the lowest I(J P ) = 0(1/2) − state is much lower than the Ξ ccD threshold, if an observed state in Λ c η c (or Λ c J/ψ) is around 5.4 GeV, this state would be more likely to be a compact pentaquark than a Ξ ccD molecule. If the spin of the observed Ξ cc by LHCb is 3/2, Ξ cc → Ξ * cc and the estimated pentaquark masses will be reduced by 64 MeV. The stability of the pentaquark states is not affected. 
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have not yet been observed in experiments, we use the theoretical masses of B * c , Ξ bb , and Ξ * bb in Table III to check the pentaquark stability. Now, it is easy to see that the lowest-lying states with I(J P ) = 0(1/2 − ) and I(J P ) = 0(3/2 − ) are both stable. The situation for the nnccb (nnbbb) states can be analyzed similar to the nnccc (nnbbc) case, but now all of them are explicitly (implicitly) exotic.
For the ssccc, ssbbb, ssccb, and ssbbc states, their properties are similar to those of nnccQ (I = 1) and nnbbQ (I = 1). Here, we also use the theoretical masses of B * c , Ω cc , Ω * cc , Ω bb , and Ω * bb to discuss the possible decay channels. In the ssccc case shown in Fig. 3(a) , any possible pentaquark is above their allowed rearrangement decay channels and thus there is no stable state. One does not find stable states in the ssbbb and ssccb cases, either. In the ssbbc system, the lowest-lying (J P ) = (3/2 − ) pentaquark is slightly above its decay channel Ω * bb D − s . Probably it is not a broad state.
C. The nnbcQ and sscbQ pentaquark states All these nnbcQ and ssbcQ states are implicitly exotic. To estimate their masses, we can use three types of reference systems, (qqc)-(bQ), (qqb)-(cQ), and (qbc)-(qQ). We present the obtained masses in Table VII and  Table VIII for the nnbcQ and ssbcQ states, respectively, where the theoretical masses M Ξ bc = 6820.0 MeV and M Ω bc = 6920.0 MeV given in Table III are adopted. From the tables, the results with these three types of reference systems are slightly different.
In Fig. 4 , we plot the relative positions for the nnbcQ and ssbcQ pentaquark states. The masses we use are obtained with the reference thresholds of Σ b J/ψ, Ξ bc B, Ω b J/ψ, and Ω bc B s channels for the nnbcc, nnbcb, ssbcc, and ssbcb states, respectively. From the figure, 16 rearrangement decay channels are involved for the nnbcc and nncbb states and 12 channels are involved for the ssbcc and sscbb states.
We first check possible stable pentaquarks in the nnbcc case. The lowest J P = 1/2 − and J P = 3/2 − states 
are eigenvalues of the CMI Hamiltonian and those after this column are determined with the relevant reference systems. 12097.8 8671.6
8825.9
8754.5 8698.0 
12134.1 12106.6
12024.8 8504.7 11676.3 11939.7 8972.5 12077.7 both have rearrangement decay channels and should not be very narrow. On the contrary, the lowest I(J P ) = 0(5/2) − state is below the possible decay channel Ξ * cbD * s and it is considered a relative state. Similarly, Fig. 4 (b) tells us that the only possible stable nncbb pentaquark has the quantum numbers I(J P ) = 0(5/2 − ) if the mass of Ξ * bc is larger than 6870 MeV. Lastly, it seems that there is no stable ssbcc or sscbb pentaquark state according to the diagrams (c) and (d) of Fig. 4 . Here, the possible stable pentaquarks in Fig. 4 Of these states, the nsccb and nsbbc pentaquarks are explicitly exotic. The observation of such a state in future measurements will be an important finding, in particular when the state is narrow. From Table IX, the nsccc pentaquark masses estimated with the (nsQ)-(QQ) type reference systems are lower than those with other type thresholds. Such states are easy to be identified as fivequark states because of their high masses, although they are implicitly exotic. The situation is different from the nsccn or nsccs states studied in Ref. [88] . It is not easy to distinguish such a pentaquark state from a 3q baryon once it is observed.
From Fig. 5 and the rough values of the doubly heavy 3q baryons in Table III , it seems that no stable pentaquark states exist in the nsccc, nsbbb, and nsccb systems. However, according to the diagram (c) of Fig. 5 , the lowest J P = 1/2 − , J P = 3/2 − , and J P = 5/2 − states are below any possible rearrangement decay channels and they are possibly stable. Of course, if its mass is underestimated, they may also decay into Ξ bb D − s (and probably Ω bbD ), Ω * bbD , and Ω * bbD * , respectively.
E. The nsbcQ pentaquark states
The nsbcQ states are implicitly exotic. Their wave functions are not constrained from the Pauli principle.
The number of wave function bases for a pentaquark with given quantum numbers is bigger than that for other states. After diagonalizing the Hamiltonian, one gets numbers of possible pentaquark states. To estimate the nsbcc (nscbb) masses, we use four different types of reference systems, Table X where we use two theoretical values of masses, M Ω bc = 6920.0 MeV and M Ξ bc = 6820.0 MeV given in Table III. The spectra for the nsbcQ pentaquark states with the Ξ b J/ψ or Ω bc B threshold are shown in Fig. 6 . From the figure and the masses given in Table III , it is difficult to find stable pentaquarks in these systems. Only the lowest nsbcc pentaquark is slightly above the Ξ c B − c threshold and is possibly a state without broad width. Of course, the nsbcc states can be searched for in the Ξ c B − c or Ξ b η c channel in future experiments. If such a state could be observed, its exotic nature can be easily identified, a situation different from the nsbcq case [88] .
V. DISCUSSIONS AND SUMMARY
Recently, the observation of the P c (4312), P c (4440) and P c (4457) at LHCb [28] gave us significant evidence for the existence of pentaquak states, which motivates us to study the ground compact qqQQQ (q = u, d, s and Q = b, c) pentaquark states within the CMI model. In the considered pentaquark systems, the qqbbc, qqccb states are explicitly exotic and are easy to be identified. Other states can also be easily identified as exotic baryons because their large masses could not be understood without an excited QQ pair.
In this work, we have firstly constructed the flavorcolor-spin wave functions for the qqQQQ pentaquark states from the SU(3) and SU(2) symmetries and Pauli Principle. We extract the effective coupling constants from the mass splittings between conventional hadrons. Based on these, we systematically calculate the colormagnetic interaction for these pentaquark states and obtain the corresponding mass gaps. Then, various reference thresholds are used to estimate the masses of these states. Some theoretical results for the masses of the doubly heavy 3q baryons are adopted in our estimation. At last, we analyze the stability and possible rearrangement decay channels of the qqQQQ pentaquark states.
We have shown the mass spectra and rearrangement decay patterns in the figure form. Following Figs. 2,  3, 4 , 5, and 6, we can see ten stable states are possible which are also collected in Table. XI. However, not all of them are really stable states. The reason is that the predicted pentaquarks in the current model may have mass deviations from the case they should be.
As a general feature, the high spin J P = (5/2) − pentaquark states should be usually narrow since they have many D-wave decay modes but one or two S-wave decay modes. This feature is similar to theQQand QQ5622.6
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cases [86, 88] . Now, the narrowQQpentaquark states have been observed. It is also worthwhile to search for the exotic narrow qqQQQ pentaquark states in future experiments.
In the study of the pentaquark states, the number of color-spin structures may be more than ten. The mixing or channel-coupling effects could be important. Such effects should be carefully considered in detail in further studies.
In short summary, we have systematically studied the exotic states with the structure qqQQQ (q = u, d, s and Q = c, b). They can be easily identified as explicitly exotic or implicitly exotic pentaquark states once observed. We hope the present study may stimulate further investi- gations about properties of the qqQQQ pentaquark states from both the theoretical and the experimental aspects.
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VII. APPENDIX
In this appendix, we show the CMI Hamiltonian matrix elements with J P = 5/2 − , J P = 3/2 − , and J P = 1/2 − in Tables XII, XIII , and XIV, respectively. 
